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Motivation of this study

Constant RF frequency : serpentine acceleration

High repetition rate cycle 
Limited by capabilities of RF system.

Kinetic energy : ~ 1  GeV

• A fixed magnetic field

• Zero chromaticity

• Based on strong focusing

Features of Zero-chromatic FFAG

• ADSR → High intensity proton beam with high repetition 
rate is needed.
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Trevs : Revolution time of stationary particle 

Trev : Revolution time of non-synchronous 
particle

Es: Stationary energy

Rs : Radius of synchronous particle 

ΔΦ : Discrepancy of phase 

α is constant in Zero-chromatic FFAG
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The closed orbits for different momentum (P) is given by

r = r0

(
P

P0

) 1
k+1

, (2)

where P0 is the reference momentum at r0.
With constant rf frequency in the scaling FFAG, the lon-

gitudinal phase discrepancy per revolution ∆φ is written
by

∆φ = 2π(frf · T − h), (3)

where h is the harmonic number, frf is the rf frequency and
T is the revolution period of a non-synchronous particle.
Equation(3) becomes

∆φ
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=

hT
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where Ts is the revolution period of a synchronous parti-
cle. Equation(4) is also expressed with another description
based on Eq.(2) as follows;
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where rs is the reference radius, α is the momentum com-
paction factor and Es is the reference energy at the refer-
ence radius. As shown in Fig.1, the two stationary energies,
Es1 and Es2, close to each other when rf frequency is near
the revolution time of transition energy. Combining Eq.(4)
and Eq.(5), the phase difference becomes

∆φ = 2πh
(P 1−α

s

Es
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)
. (6)

Now we exchange ∆φ/2π and dφ/dθ to derive the phase
and energy equation of longitudinal motion,
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=
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where Vrf is the rf voltage per turn and θ is an azimuthal
angle in the machine. We introduce the energy variable E
canonically conjugate to the coordinate variable φ. Equa-
tion(7) and (8) derive the longitudinal hamiltonian:

H(E,φ; θ) = h
( 1
α + 1
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EsP
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s
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)
+

eVrf

2π
cos φ. (9)

Longitudinal Phase Space
The features of serpentine acceleration are examined by

hamiltonian (Eq.(9)). As shown in Fig.2, when the two sta-
tionary energies are far from each other, the two stationary

Figure 1: Relation between revolution frequency and en-
ergy of particles, where γt is the transition γ. Es1 is the
stationary energy which is lower than the transition energy.
Es2 is the other stationary energy which is higher.

buckets are also separated. When the two stationary ener-
gies close to each other, however, a channel between the
two stationary buckets appears as shown in Fig.3. If par-
ticles can be accelerated using this channel, total energy
gain through the acceleration becomes larger than the total
energy gain within a stationary bucket.

Figure 2: Longitudinal phase space when synchronous en-
ergies are far from the transition energy.

Minimum rf Voltage
The minimum rf voltage to make serpentine acceleration

scheme is derived from Eq.(9). Since the separatrix goes
through two unstable fixed points as shown in Fig.4, the
relation between H(Es1,π) and H(Es2, 0) is

H(Es1,π) = H(Es2, 0). (10)

The relation between Es1 and Es2, which are shown in
Fig.1, is

Es1P
α−1
s1 = Es2P

α−1
s2 . (11)
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buckets are also separated. When the two stationary ener-
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ticles can be accelerated using this channel, total energy
gain through the acceleration becomes larger than the total
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Minimum rf Voltage
The minimum rf voltage to make serpentine acceleration

scheme is derived from Eq.(9). Since the separatrix goes
through two unstable fixed points as shown in Fig.4, the
relation between H(Es1,π) and H(Es2, 0) is

H(Es1,π) = H(Es2, 0). (10)

The relation between Es1 and Es2, which are shown in
Fig.1, is

Es1P
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Equations of motion
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Serpentine acceleration in Zero-chromatic FFAG

Stationary kinetic energy : Es ( > Et) 891 MeV  (γs = 1.95)

Radius of Arc : rs 4.77 m

Harmonic number : h 10

 RF frequency : Frf 85.8 MHz (h=10)

RF voltage/turn : Vrf 60 MV (h=10)

The relation between RF voltage and frequency is

Ref ) 200 MHz → 25 MV/m
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√
85.8/200 = 16.4[MV/m]

1

Length of RF cavity is needed about 9 [m] per turn.

Injection kinetic energy : 380 MeV 
Final kinetic energy : 1.1 GeV 
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Motivation of this study

Constant RF frequency : serpentine acceleration

Kinetic energy : ~ 1  GeV

• ADSR → High intensity proton beam with high repetition 
rate is needed.

High repetition rate cycle 
Limited by capabilities of RF system.
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Motivation of this study

Constant RF frequency : serpentine acceleration

High RF voltage is needed to obtain big stationary bucket height.

Using many RF cavities

Kinetic energy : ~ 1  GeV

• ADSR → High intensity proton beam with high repetition 
rate is needed.

High repetition rate cycle 
Limited by capabilities of RF system.
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Motivation of this study

• ADSR → High intensity proton beam is needed.
High repetition rate cycle 

Limited by capabilities of rf system.

Constant RF frequency : serpentine acceleration

High RF voltage is needed to obtain big stationary bucket hight.

Serpentine acceleration with long straight section in 
Zero-chromatic FFAG for proton driver
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One candidate of design 

Using SC spiral FFAG magnet in the arc part

Large magnetic field is needed
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Bρ = 5.4[Tm]@γ = 2

1

straight

Rs

Length of arc : Straight section = 1 : 1

Spiral magnet

Cavity 

Cavity 

To make a small ring...
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Summary
So far, serpentine acceleration in Zero-chromatic FFAG has 
been considered only in longitudinal. 
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Summary

RF cavity : to obtain high voltage

So far, serpentine acceleration in Zero-chromatic FFAG has 
been considered only in longitudinal. 

Spiral FFAG magnet is considered.
Magnet : to obtain large magnetic field
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Summary

RF cavity : to obtain high voltage

So far, serpentine acceleration in Zero-chromatic FFAG has 
been considered only in longitudinal. 

Spiral FFAG magnet is considered.
Magnet : to obtain large magnetic field

Many RF cavity are needed. Long straight section is considered.

Consideration of design idea for 
Zero-chromatic FFAG with long straight section

 has just started !!
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