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Motivations

2

(i) Ring structure: only one “arc”;

(ii) No switchyard: larger number of passes possible.

FFAG rings are potentially cheaper than RLAs.
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Motivations

2

FFAG rings are potentially cheaper than RLAs.

* see S. Berg, Nucl. Instr. and Meth. A 570, p.~15, (2007).

In addition, zero-chromaticity provides:

(i) Large transverse acceptances, with a proper 
choice of the working point;

(ii) The possibility to avoid longitudinal emittance 
degradation when accelerates beams with large 
transverse emittances, due to time-of-flight 
dependence on the transverse amplitudes*.
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Fast acceleration! Ionization cooling 
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Muon front-end, schematic view.

Zero-chromatic FFAG scheme achieving: 
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Aim

3

(i) Constant frequency acceleration, at 200 MHz (or a multiple);

(ii) > 30 ! mm-rad of normalized acceptance in both 

horizontal and vertical plane and > 150 mm  of 

normalized longitudinal acceptance;

(iii)  For simultaneously acceleration of !+ and !- beams;

(iv)  From lower energy than the non-scaling FFAG ring.

Zero-chromatic FFAG scheme achieving: 
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Two innovative 
acceleration schemes

4

Harmonic number jump (HNJ) acceleration in 

zero-chromatic FFAG.

Stationary bucket (SB) acceleration of muons 

in scaling FFAG.

Constant frequency acceleration in non-isochronous 
zero-chromatic FFAGs:
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Harmonic number jump 
acceleration

Maintaining the 
synchronization condition:

5

by changing the harmonic number 
hi by an integer number every turn.

frf = h · frevs , h(i) ∈ N
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Harmonic number jump 
acceleration

Maintaining the 
synchronization condition:

5

by changing the harmonic number 
hi by an integer number every turn.

frf = h · frevs , h(i) ∈ N

Method used to accelerate electrons 
in microtrons, and originally 
proposed by Veksler (1944).

Trajectories of particles 

accelerated in a microtron 
(from: A.A. Kolomenskii Sov. Phys. 

Tech. Phys., Vol. 5, 11, 1961).

Re-considered for FFAGs: A.G."Ruggiero (2006).



 FFAG10 - October 2010                                                                                                                                                  T.  Planche

Harmonic number jump 
acceleration

One must give the right energy gain to change the 
revolution period of an integer number of rf period every 
turn:

6

Ti+1 − Ti =
∆ih

frf
⇔ Ei+1 − Ei =

∆ih

frf · ∂T
∂E

∣∣
Ei

.
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Harmonic number jump 
acceleration

One must give the right energy gain to change the 
revolution period of an integer number of rf period every 
turn:

6

Ti+1 − Ti =
∆ih

frf
⇔ Ei+1 − Ei =

∆ih

frf · ∂T
∂E

∣∣
Ei

.

Example of non-linear variation 

of the revolution time: scaling 

FFAG ring with k = 145 and 

average radius = 120 m.
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Ring with many rf cavities

Assuming that h0 is large one gets:

7

N cavities (numbered 0 to 
N-1) uniformly distributed 
around a circular ring.

fj ! fref

[
1− ∆h

h0
·
(

2j + 1
2N

+
1
2

)]

!Each frequency must be tuned 
at a slightly different frequency.
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Ring with many rf cavities

Assuming that h0 is large one gets:

7

N cavities (numbered 0 to 
N-1) uniformly distributed 
around a circular ring.

fj ! fref

[
1− ∆h

h0
·
(

2j + 1
2N

+
1
2

)]

!Each frequency must be tuned 
at a slightly different frequency.

!If one wants to accelerate charged particles and their 
antiparticles simultaneously in the same ring, they must 
all circulate in the same direction.
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Two-beam FFAG lattice

8

It is possible by means of two-beam FFAG lattices:

TWO-BEAM FFAG ACCELERATOR 109 

ordinary FFAG accelerators. Thus most of the following 

is devoted to the calculation of equilibrium orbits and 

betatron oscillations. 

2. DESCRIPTION OF THE .MAGNETIC FIELD 

In the magnetic fields of FFAG accelerators, there exist 

an infinite number of equilibrium orbits because of the 

nonlinearity of the fields. However, these orbits have 

cycloid-like shapes and have an extremely large circum-

ference factor (maximum ratio of machine radius to 

particle radius of curvature) with the exception of two 

orbits, which circulate clockwise and anticlockwise in a 

radial sector FFAG accelerator. These two orbits generally 

have different properties, such as the circumference factors 

and the frequencies of betatron oscillations. The one which 

is not used in an ordinary radial sector machine is usually 

unstable. We are interested here in making these two 

orbits intersect each other at an equal particle energy and 

operate at the same point on the stability diagram of 

betatron oscillation frequencies. This can be achieved 

by using a magnetic field having a certain symmetry 

property. 

We write the median plane field as 

B.o= -Bo(r/ro)kf(NO), (1) 

where 

f(NO+27r) = f(NO) , 

and X is the number of sectors per revolution. The 

"space" Lagrangian for the motion in the median plane 

of a particle of (relativistic) momentum p is given by 

(2) 

where 

primes denote derivatives with respect to 0 and the sign of 

the radical is chosen depending on the direction of rotation 

of particles. 

FIG. 1. Schematic dia-
gram of equilibrium orbits 
in both directions. 

POSITIVE MAGNET 

HIGH ENERGY 
\ ORBITS 

It is obvious from the Lagrangian equation (2) that the 

condition for obtaining identical orbits in opposite direc-

tions is to make f(NO) an odd function of NO, i.e., 

f( - NO) = - f(NO) , (3) 

because the equations of motion are identical for both 

directions after replacing NO by (-NO) and p by (-p). 
By rewriting f(NO) in Fourier series form 

f(NO) = L .. (g .. cosnNO+ f .. sinnNO), (4) 

Eq. (3) implies 

g,,=O for all n. (5) 

Customarily we put NO= 0 at the middle of the "positive 

magnet" and, by the transformation (7r/2), Eq. 

(4) becomes 

f(NO) = it cosNO- /2 sin2NO+ fa cos3NO- .. " (6) 

If all even f's vanish, Eq. (6) becomes 

f(NO) = L /2i+1 cos (2j+ l)NO, (7) 
;=0 

and we have an additional symmetry around the middle 

of the positive magnet. 

From the results of rough estimates of the equilibrium 

orbits and betatron oscillations, it appears that the contri-

butions from higher harmonics of the fields depend on the 

quantity L(J;/j)2, except for the axial focusing, which 

depends also on L fl. The higher harmonic content of the 

fields in actual machines is not very high; for example, 

/2i+1 is given by (-1);(2j+ 1)-1 for a rectangular shape 

field. Therefore a pure sinusoidal field is not a poor choice 

for understanding the behavior of the machine. 

3. EQUILIBRIUM ORBITS 

A. Calculation of the Equilibrium Orbit 

The Lagrangian (2) gives the equation of motion in the 

median plane 

r eBo rk+1 
---j(NO). 

(r2+r'2)i cp ro" 
(8) 

By putting In(r/r1)=q, Eq. (8) becomes 

(9) 

where r1 is chosen as the average radius of the equilibrium 

orbits of momentum p, so that 

j"qd(NO) =0. 
- .. 

(10) 

From Eq. (9), we get 

(q" -q'2-1) (1 +q'2)-!e(k+l)Q= -af(NO), (11) 

Downloaded 19 Jun 2010 to 130.54.110.31. Redistribution subject to AIP license or copyright; see http://rsi.aip.org/rsi/copyright.jsp

Principle of the two-beam lattice 

as described in the original paper 
[T. Okawa, Rev. Sci. Instru. 29 (2) (1957), p. 

108~117].
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Principle of the two-beam lattice 

as described in the original paper 
[T. Okawa, Rev. Sci. Instru. 29 (2) (1957), p. 

108~117].
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Required excursion
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when accelerating ultra-relativistic particles

T (Ei+1)− T (Ei) =
2π∆iR

c
.
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Required excursion

9

when accelerating ultra-relativistic particles

T (Ei+1)− T (Ei) =
2π∆iR

c
.

Combining this Eq. with the required change in time of 
flight for harmonic number jump, one gets:

∆iR = ∆ih · λrf

2π
, with λrf =

c

frf
.
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The rf wavelength " cavity size. 

For instance, in the simple case of a pillbox type rf cavity, its diameter d is 

approximately given by d = 0.77 !rf.

∆iR = ∆ih · λrf

2π
, with λrf =

c

frf
.

Required excursion
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The rf wavelength " cavity size. 

For instance, in the simple case of a pillbox type rf cavity, its diameter d is 

approximately given by d = 0.77 !rf.

∆iR = ∆ih · λrf

2π
, with λrf =

c

frf
.

To avoid cavity design problems, one can vary the 
excursion along the ring, introducing reduced excursion 
insertions in which cavities could be installed.

Required excursion
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Zero-chromatic FFAG 
insertions

11

Dispersion suppressor insertion made of scaling FFAG 
type of magnets developed:

Schematic view of 

an excursion 

reduced insertion 

made of scaling 

FFAG cells.
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Zero-chromatic FFAG 
insertions
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Dispersion suppressor insertion made of scaling FFAG 
type of magnets developed:

Schematic view of 

an excursion 

reduced insertion 

made of scaling 

FFAG cells.

2
k2 + 1

=
1

k1 + 1
+

1
k3 + 1

.Condition:
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k1 + 1
+

1
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Zero-chromatic FFAG 
insertions

11

Dispersion suppressor insertion made of scaling FFAG 
type of magnets developed:

Zero-chromatic as long as the effect of non-linear field 
components is negligible.

Schematic view of 

an excursion 

reduced insertion 

made of scaling 

FFAG cells.
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Example of a 3.6 to 12.6!GeV ring

12

Schematic view of a 3.6 

to 12. 6"GeV muon ring 

made of quadruplet 

two-beam cells.
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Example of a 3.6 to 12.6!GeV ring

13

Table 2 -Parameters of each type of cells constituting the accelerator ring

Ring Reduced First Second

main part excursion dispersion dispersion

area suppressor suppressor

Cell opening angle [deg.] 5. 2.25 4.5 3.5

Mean radius [m] 136.2 332.3 155.5 184.9

Field index k 130 638 169.9 283.5

Horiz. phase adv./cell [deg.] 87.4 86.4 90.0 90.0

Vert. phase adv./cell [deg.] 50.6 32.0 44.4 34.6

Number of times used in the ring 8× 4 8× 4 4× 4 4× 4
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Example of a 3.6 to 12.6!GeV ring

13

Table 2 -Parameters of each type of cells constituting the accelerator ring

Ring Reduced First Second

main part excursion dispersion dispersion

area suppressor suppressor

Cell opening angle [deg.] 5. 2.25 4.5 3.5

Mean radius [m] 136.2 332.3 155.5 184.9

Field index k 130 638 169.9 283.5

Horiz. phase adv./cell [deg.] 87.4 86.4 90.0 90.0

Vert. phase adv./cell [deg.] 50.6 32.0 44.4 34.6

Number of times used in the ring 8× 4 8× 4 4× 4 4× 4

Bmax @ 12.6"GeV: 4"T



 FFAG10 - October 2010                                                                                                                                                  T.  Planche

Example of a 3.6 to 12.6!GeV ring

14

Schematic view of the ring 

made of quadruplet two-beam 

cells.
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Linear parameters

Betatron tunes:

15
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superimposed. 
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Linear parameters

Periodic beta-functions:

16

Horizontal (red) and 

vertical (dotted purple) 

beta-functions in the case 

of 5"GeV.  

Remark: beta-functions 

are mirror symmetric of 

each other. 
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Full acceleration cycle 
- 6D tracking -

1000 particles are uniformly distributed inside a 
transverse 4D ellipsoid (Waterbag distribution). 

These particles are then independently distributed 
uniformly inside an ellipse in the longitudinal plane.

Initial normalized bunch emittances are 
30,000"!.mm.mrad in both horizontal and vertical 
planes and 150 mm in the longitudinal plane.

RF kicks used to simulate the effect of this rf gaps 
distributed around the ring

17
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Full acceleration cycle 
- 6D tracking -

RF kicks are given in every cell of the reduced 
excursion areas. Four different rf frequencies are 
used, one in each reduced excursion section.

18

Assumed peak rf voltage per kick 65 MV
Sum of the rf peak voltages over one turn 2.08 GV
Initial rf phase for µ+ 0.45 · 2π
Initial rf phase for µ− 0.95 · 2π
Initial harmonic number 1568
Frequency of cavities in:

the 1st reduced excursion section 399.6752 MHz
the 2nd reduced excursion section 399.6115 MHz
the 3rd reduced excursion section 399.5477 MHz
the 4th reduced excursion section 399.4840 MHz

Parameters of the rf 

scheme assumed for 

the acceleration 

tracking simulation.
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6D tracking results
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Longitudinal phase space plot showing the 8.25-turn acceleration cycle. The left 

plot shows the !+ bunch, while the right plot shows the !- bunch. 
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6D tracking results
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Horizontal (r,r') phase space  

showing the position at the 

beginning (blue squares) and 

at the end (red dots) of  

acceleration.  The area of 

black ellipses correspond to 

30,000"!.mm.mrad. 
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6D tracking results
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6D tracking results

21
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Same plot in the 

vertical (z,z') 

phase space .
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6D tracking results
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Same plot in the 

vertical (z,z') 

phase space .
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Summary - HNJ acceleration

22



 FFAG10 - October 2010                                                                                                                                                  T.  Planche

Summary - HNJ acceleration

Implementation to scaling FFAG:

! Limitations: excursion + with many cavities: 
direction of rotation.
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Summary - HNJ acceleration

Implementation to scaling FFAG:

! Limitations: excursion + with many cavities: 
direction of rotation.

A new type of zero-chromatic FFAG lattice developed.

! More flexibility than in usual scaling FFAG 
lattices.

Detailed design of a 3.6 to 12.6 GeV muon ring.

Satisfies all requirements: acceptance, RF frequency, 
simultaneous acceleration of !+ and !-. 
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Zero-chromatic FFAGs 
for future

Neutrino Factories and 
Muon Colliders... Part II

T. Planche, J-B. Lagrange, E. Yamakawa, T. Uesugi, B. Qin, 

Y.!Kuriyama, K.!Okabe, Y. Ishi, and Y. Mori.


