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With high rf voltages, we observed stochastic phenom-

ena near the boundaries of a bucket, as shown in Figure 7.

On the hypothesis that stochastic phenomena occur when

bucket boundaries overlap, we ran a case with two nearby

rf frequencies with voltages such that the predicted buck-

ets would overlap. The results in Figure 8 give totally

chaotic orbits. The solid curves are the predicted bucket

boundaries.

Figure 7: Stochastic behavior near bucket boundary

Figure 8: Scattered orbits in two overlapping buckets

COLLIDING BEAMS
The center-of-mass energy for a collision of a particle

of relativistic energy E with a stationary particle is pro-

portional to E1/2.  This suggests the energy advantage in

letting two equal energy particles collide, in which case

the center-of-mass energy is the sum of the energies of the

colliding particles. For example, two 15 GeV protons col-

liding head-on produce a center-of-mass energy of 30

GeV. A single proton hitting a stationary proton would

have to have  an energy of 450 GeV to produce the same

center-of-mass energy.

Unfortunately the cross sections are such that the event

rate for accelerator beams achievable up to that time

would be impractically low. It was Kerst who observed

that with the intensity achievable with stacked beams,

colliding beam experiments become practical.2

I remember being invited to give a colloquium on this

subject at the University of Illinois. When I mentioned

colliding beams, the audience burst out laughing. I was

somewhat taken aback until I learned later that the week

before professors Kerst and Kruger had shot pea shooters

at each other from opposite sides of the stage.

50 MEV MODEL
A 50 MeV electron model was constructed which first

operated in 1961. (See Figure 9.) It was a radial sector

machine with two identical magnets in each sector, with

oppositely directed magnetic fields. It was first pointed

out by Ohkawa that particles in such a machine can cir-

culate in  either direction, and that the orbits are closed

because they are at larger radii in the positive magnets.

This configuration would allow colliding beams in a sin-

gle machine. However the ratio of circumference to that

for a uniform field is about 8.

Figure 9: 50 MeV Model

The machine was successfully operated in the two-way

mode. However most of the experiments were performed

in a one-way mode with one of each pair of magnets ex-

cited to a higher field than the other. In case we had trou-

ble crossing the transition energy at 1.13 MeV, betatron

cores were installed; they can be seen in the figure. How-

ever we were able to accelerate over the transition energy

with the rf cavity, so most experiments were carried out

using rf buckets from the injection energy (100 keV).  The

green cavity on the right powers the rf accelerating gap.

We had to make up for radiation loss of a few volts per

turn in the stacked beam.  Due to its energy spread, we

would have had to use a high voltage on an accelerating

gap in order to trap the stacked beam in a bucket. We

therefore chose to make up the radiation loss by phase

displacement, using a low voltage supplied by the red

cavity on the left. Its frequency was modulated so as to
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With high rf voltages, we observed stochastic phenom-

ena near the boundaries of a bucket, as shown in Figure 7.

On the hypothesis that stochastic phenomena occur when

bucket boundaries overlap, we ran a case with two nearby

rf frequencies with voltages such that the predicted buck-

ets would overlap. The results in Figure 8 give totally

chaotic orbits. The solid curves are the predicted bucket

boundaries.

Figure 7: Stochastic behavior near bucket boundary

Figure 8: Scattered orbits in two overlapping buckets

COLLIDING BEAMS
The center-of-mass energy for a collision of a particle

of relativistic energy E with a stationary particle is pro-

portional to E1/2.  This suggests the energy advantage in

letting two equal energy particles collide, in which case

the center-of-mass energy is the sum of the energies of the

colliding particles. For example, two 15 GeV protons col-

liding head-on produce a center-of-mass energy of 30

GeV. A single proton hitting a stationary proton would

have to have  an energy of 450 GeV to produce the same

center-of-mass energy.

Unfortunately the cross sections are such that the event

rate for accelerator beams achievable up to that time

would be impractically low. It was Kerst who observed

that with the intensity achievable with stacked beams,

colliding beam experiments become practical.2

I remember being invited to give a colloquium on this

subject at the University of Illinois. When I mentioned

colliding beams, the audience burst out laughing. I was

somewhat taken aback until I learned later that the week

before professors Kerst and Kruger had shot pea shooters

at each other from opposite sides of the stage.

50 MEV MODEL
A 50 MeV electron model was constructed which first

operated in 1961. (See Figure 9.) It was a radial sector

machine with two identical magnets in each sector, with

oppositely directed magnetic fields. It was first pointed

out by Ohkawa that particles in such a machine can cir-

culate in  either direction, and that the orbits are closed

because they are at larger radii in the positive magnets.

This configuration would allow colliding beams in a sin-

gle machine. However the ratio of circumference to that

for a uniform field is about 8.

Figure 9: 50 MeV Model

The machine was successfully operated in the two-way

mode. However most of the experiments were performed

in a one-way mode with one of each pair of magnets ex-

cited to a higher field than the other. In case we had trou-

ble crossing the transition energy at 1.13 MeV, betatron

cores were installed; they can be seen in the figure. How-

ever we were able to accelerate over the transition energy

with the rf cavity, so most experiments were carried out

using rf buckets from the injection energy (100 keV).  The

green cavity on the right powers the rf accelerating gap.

We had to make up for radiation loss of a few volts per

turn in the stacked beam.  Due to its energy spread, we

would have had to use a high voltage on an accelerating

gap in order to trap the stacked beam in a bucket. We

therefore chose to make up the radiation loss by phase

displacement, using a low voltage supplied by the red

cavity on the left. Its frequency was modulated so as to
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With high rf voltages, we observed stochastic phenom-

ena near the boundaries of a bucket, as shown in Figure 7.

On the hypothesis that stochastic phenomena occur when

bucket boundaries overlap, we ran a case with two nearby

rf frequencies with voltages such that the predicted buck-

ets would overlap. The results in Figure 8 give totally

chaotic orbits. The solid curves are the predicted bucket

boundaries.

Figure 7: Stochastic behavior near bucket boundary

Figure 8: Scattered orbits in two overlapping buckets

COLLIDING BEAMS
The center-of-mass energy for a collision of a particle

of relativistic energy E with a stationary particle is pro-

portional to E1/2.  This suggests the energy advantage in

letting two equal energy particles collide, in which case

the center-of-mass energy is the sum of the energies of the

colliding particles. For example, two 15 GeV protons col-

liding head-on produce a center-of-mass energy of 30

GeV. A single proton hitting a stationary proton would

have to have  an energy of 450 GeV to produce the same

center-of-mass energy.

Unfortunately the cross sections are such that the event

rate for accelerator beams achievable up to that time

would be impractically low. It was Kerst who observed

that with the intensity achievable with stacked beams,

colliding beam experiments become practical.2

I remember being invited to give a colloquium on this

subject at the University of Illinois. When I mentioned

colliding beams, the audience burst out laughing. I was

somewhat taken aback until I learned later that the week

before professors Kerst and Kruger had shot pea shooters

at each other from opposite sides of the stage.

50 MEV MODEL
A 50 MeV electron model was constructed which first

operated in 1961. (See Figure 9.) It was a radial sector

machine with two identical magnets in each sector, with

oppositely directed magnetic fields. It was first pointed

out by Ohkawa that particles in such a machine can cir-

culate in  either direction, and that the orbits are closed

because they are at larger radii in the positive magnets.

This configuration would allow colliding beams in a sin-

gle machine. However the ratio of circumference to that

for a uniform field is about 8.

Figure 9: 50 MeV Model

The machine was successfully operated in the two-way

mode. However most of the experiments were performed

in a one-way mode with one of each pair of magnets ex-

cited to a higher field than the other. In case we had trou-

ble crossing the transition energy at 1.13 MeV, betatron

cores were installed; they can be seen in the figure. How-

ever we were able to accelerate over the transition energy

with the rf cavity, so most experiments were carried out

using rf buckets from the injection energy (100 keV).  The

green cavity on the right powers the rf accelerating gap.

We had to make up for radiation loss of a few volts per

turn in the stacked beam.  Due to its energy spread, we

would have had to use a high voltage on an accelerating

gap in order to trap the stacked beam in a bucket. We

therefore chose to make up the radiation loss by phase

displacement, using a low voltage supplied by the red

cavity on the left. Its frequency was modulated so as to
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“Classic” Scaling FFAG

Perfectly round shape

One type of cell

Constant large excursion: limitations 
for cavities

5

Can it be improved?
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Bending case

D(p0) = p0

(
∂r

∂p

)

p0

=
r

k + 1

Bz = B0

(
r

r0

)k

k =
r

B

(
∂Bz

∂r

)Magnetic field:

with

NB: In the linear approximation, k =
r

ρ
n

α =
1

k + 1
Momentum compaction factor:

Dispersion function:

7

Scaling law

- Similarity of the closed orbits

-Invariance of the betatron oscillations
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Straight case

α = 0

Dispersion function: D(p0) = p0

(
∂x

∂p

)

p0

=
1
m

m =
1
B

(
∂Bz

∂x

)
with

Magnetic field:

NB: In the linear approximation, m =
n

ρ

Bz = B0e
m(x−x0)

lim
r0→∞

(
r

r0

)k

= lim
r0→∞

[(
1 +

x

r0

) r0
x

] x
r0

k

=

[
lim

r0→∞

(
1 +

x

r0

) r0
x

]n
ρ x

= e
n
ρ x = emxLinear approx.: 
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Scaling law

- Similarity of the closed orbits

-Invariance of the betatron oscillations

Momentum compaction factor:



Matching of different scaling FFAG cells

1) Matching of the closed/reference orbits

2) Matching of the periodic linear parameters

b) Matching to the first order in ∆R/R0

by matching of the dispersion of

the different cells.

a) Matching of a special momentum P0.

Often difficult

As much as possible (the more the better)

!-phase advance for one of the cell(s)

9

Insertions
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Dispersion suppressor principle

D2 =
D1 + D3

2

a) Matching of a special momentum P0.

Use of 3 different scaling FFAG cells

D2D1 D3 D2 D1

b) Matching of periodic dispersions such as

10

Insertions

Zero-chromatic system as long as 

amplitude detuning can be neglected.
FFAG10 - JB. Lagrange
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In Kyoto University, an experiment is planned

 to be conducted in order to study these new tools.

2 goals for this experiment:

Verify the straight field law,           

Verify and study the dispersion suppressor principle.

12

Study of Advanced 
Scaling FFAG

FFAG10 - JB. Lagrange
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Layout of the experiment

Use of 2 energies: 3.5 MeV and 7 MeV.

H- linac injection beam line

Experiment

FFAG10 - JB. Lagrange



Straight field law
7 MeV

3.5 MeV

Use of steering magnets for the shifts of the orbits

7 MeV

3.5 MeV

14

Experiment

-0.2

 0

 0  0.4  0.8  1.2  1.6  2  2.4  2.8  3.2y
 
[
m
]

x [m]

-0.2

-0.15

-0.1

-0.05

 0

 0.05

 0.1

 0.15

 0.2

 0  0.5  1  1.5  2  2.5  3

Bz
 [
T]

s [m]

FFAG10 - JB. Lagrange



Dispersion suppressor and magnets
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Experiment
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PRISM project
Japanese staging plan of µ-e conversion

Stopping
Target

Production
Target

B(µ− + Al → e− + Al) < 10−16

1st Stage : COMET

•without a muon storage ring. (MECO-type)

•with a slowly-extracted pulsed proton beam.

•at the J-PARC NP Hall.

•for early realization (~2017)

2nd Stage : PRISM/PRIME

•with a muon storage ring.

•with a fast-extracted pulsed proton beam.

•need a new beamline and experimental hall.

•Ultimate search

B(µ− + Ti → e− + Ti) < 10−18

The sensitivity is limited by backgrounds: 
pion induced electrons, decay in orbit 
electrons, and so on. 

A muon storage ring can solve the problem. 

Muon phase rotator 

(at Osaka University)

•Momentum acceptance: 

68MeV/c ± 20% 

• Transverse acceptance:

•hor.: 30 000! mm.mrad

•vert.: 3 000! mm.mrad

17

Applications
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Race-track scaling FFAG PRISM
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Applications

Bending cell FDF triplet
k-value 2.55
Average radius 2.7m
Phase advances:
Horizontal µx 60 deg.
Vertical µz 90 deg.
Dispersion 0.8m

Straight cell
m-value 1.3 m−1

Length 1.8m
Phase advances:
Horizontal µx 27 deg.
Vertical µz 94 deg.
Dispersion 0.8m

FFAG10 - JB. Lagrange



Another solution?
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Applications
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Gantry
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Applications
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Applications
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General Principle

FFAG10 - JB. Lagrange

Ring part

B α rk

Cavity (Reduced 

excursion area)

Dispersion

suppressor

Straight section:

B α emx
Injection

-
Extraction



New tools have been recently developed to introduce 
more flexibility of the scaling FFAG.

Experiments are under progress to study some of 
these new tools.

This is only the start!
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Summary
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Thank you for your attention


