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Tunes in OPAL obtained from the analysis of the constructed map. 
 Tracking also gives the same results provides one updates the revolution frequency for 
each closed orbit. 
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Space charge effects in FFAGs: 

• The approach is based on the following procedure: 

 - Find the closed orbits for a given FFAG (kF,kD). 
 - Find the matching condition without space charge for each closed orbit 
(betatron functions calculated). 
 - Generate matched distribution around each closed orbit and track it over 
several turns in order to calculate the average as well as the rms values of the tunes 
(with and without space charge). 
 - The difference provides the average tune shift in presence of space charge 
and the calculation is based on the linear space charge kick approximation (KV beam 
assumed). 

The assumption is that the lattice has slowly varying parameters, i.e the acceleration rate 
is small enough to assume that the matched beam distribution of the accelerated orbit is 
the same as that of the closed orbit (see next slide). 
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Useful quantities 

< ν𝑥,𝑦> =
1

𝑁
  ν𝑥,𝑦,𝑖
𝑁𝐶𝑂
𝑖=1      ;     NCO = 30  

      closed orbits   

< ν𝑥,𝑦
𝑟𝑚𝑠> =

1

𝑁
  (ν𝑥,𝑦,𝑖−< ν𝑥,𝑦>)

2

𝑁𝐶𝑂

𝑖=1

  

For a perfectly scaling FFAG, < 𝝂𝒙,𝒚
𝒓𝒎𝒔> = 0  

= a measure of the tune spread 

Average tune of a FFAG: 

RMS tune of a FFAG: 
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• Investigate the change in betatron oscillation 
frequency due to space charge forces. The linear 
Laslett tune shift is given by: 

Laslett tune shift 
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 𝑄 = 𝑓(𝑘, 𝑄) 
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where = perveance term. 



Scaling FFAG 

Horizontal  Vertical  

Tracking 

Formula 
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Scaling FFAG 

The tune variation for a scaling FFAG in presence of space charge increases by two 
orders of magnitude. Can this be cured? 
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Non scaling FFAG (1) 
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Non scaling FFAG (2) 

9 



How to cure the scaling imperfections 
induced by space charge 

• The idea is to play either with kF or kD in such a way 
to counterbalance the space charge effects which 
induce a larger tune shift at the injection.  

• In other words, could we find a configuration in 
which, perturbing either kF or kD or both, it would 
be possible to introduce a tune variation countering 
the space charge forces, i.e 

ν𝑥 = ν𝑥0 + 𝛿ν𝑥 𝛿𝑘𝐹 , 𝛿𝑘𝐷 + 𝛿ν𝑥(𝑠𝑝𝑎𝑐𝑒 𝑐𝑕𝑎𝑟𝑔𝑒) 

ν𝑦 = ν𝑦0 + 𝛿ν𝑦 𝛿𝑘𝐹 , 𝛿𝑘𝐷 + 𝛿ν𝑦(𝑠𝑝𝑎𝑐𝑒 𝑐𝑕𝑎𝑟𝑔𝑒) 
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How to cure the scaling imperfections 
induced by space charge 

𝛿ν𝑥 𝛿𝑘𝐹 , 𝛿𝑘𝐷 = −𝛿ν𝑥(𝑠𝑝𝑎𝑐𝑒 𝑐𝑕𝑎𝑟𝑔𝑒) 

𝛿ν𝑦 𝛿𝑘𝐹 , 𝛿𝑘𝐷 = −𝛿ν𝑦(𝑠𝑝𝑎𝑐𝑒 𝑐𝑕𝑎𝑟𝑔𝑒) 

This implies 

Therefore, the tune shift (introduced deliberately 
through scaling imperfections) to counterbalance space 
charge forces must be a decreasing function of the 
radius in both planes. 

Reminder: it was shown previously that if 𝑘𝐹 > 𝑘𝐷, the tune exhibits 
such a behavior.  The question that remains is how to determine  
(𝛿𝑘𝐹 , 𝛿𝑘𝐷) to counterbalance the exact space charge effect? 
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How to cure the scaling imperfections 
induced by space charge 

Reminder : it was previously established that the rms tune variations of the bare tune 
in the vicinity of the central line of the stability diagram (kF=kD), are proportional to 
|𝑘𝐹 − 𝑘𝐷| 
 

Therefore, one can write: 

< ν𝑥,𝑏𝑎𝑟𝑒
2  >1/2 ≈ 𝑎𝑥 . |𝑘𝐹 − 𝑘𝐷| 

 
< ν𝑦,𝑏𝑎𝑟𝑒
2  >1/2 ≈ 𝑎𝑦 . |𝑘𝐹 − 𝑘𝐷| 
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Thus, equating the rms tune variations of the bare tunes 
(with scaling introduced imperfections ) with the rms tune 
variations of the space charge tune, one can write:  

< ν𝑥,𝑏𝑎𝑟𝑒
2  >1/2 ≈ 𝑎𝑥 . 𝑘𝐹 − 𝑘𝐷 = < ν𝑥,𝑠𝑝𝑎𝑐ℎ

2  >1/2 
 

< ν𝑦,𝑏𝑎𝑟𝑒
2  >1/2 ≈ 𝑎𝑦 . 𝑘𝐹 − 𝑘𝐷 = < ν𝑦,𝑠𝑝𝑎𝑐ℎ

2  >1/2 
 

If 𝑘𝐹 > 𝑘𝐷, then one obtains (we choose to maintain 𝑘𝐷 fixed ) ,  

𝑘𝐹 ∈ kD + 
< ν𝑥,𝑠𝑝𝑎𝑐ℎ
2 >1/2

𝑎𝑥
∶
< ν𝑦,𝑠𝑝𝑎𝑐ℎ
2 >1/2

𝑎𝑦
  

Main assumption: the space charge effects are not much different when scaling 
imperfections introduced. 

How to cure the scaling imperfections 
induced by space charge 
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Test example: 
We choose the lattice corresponding to 𝑘𝐹 = 𝑘𝐷 = 7.6. 
Based on the previous results, one obtains, 

𝑘𝐷 ∈ kF − 0.49 ∶ 0.6 = [ 7.0: 7.11] 
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Conclusion 

• Combining the effects of space charge with scaling imperfections allows to 
minimize the tune excursion, provided one is located at the bottom region 
of the stability diagram (kF>kD) 

 

 

• For the KURRI FFAG, kF<kD (this is why the tune is essentially an increasing 
function of the energy). Therefore, the effect of space charge on the rms 
tune variation will be more detrimental. 

 

 

• The previous results assume a KV beam. Need to complete further tests 
with different distribution functions. 

 

 


